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Questions of today

1. Itis shown in lecture 9 that
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Show that the second term on the right extends to an entire function.

2. Show that the following limit exists:

3. (Gauss formula) For z # 0, —1, . ..

[(z) = lim e+ 1) (z+n)

4. (Bohr-Mollerup Theorem) Let f be a function defined on (0, co) such that f(z) > 0 for all z > 0.

Suppose that f has the following properties:
1. log f(x) is a convex function;
f(z) for all x;
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Then f(z) = I'(x) for all z.
5. Show that, for u, v > 0.
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I'(u)T(v) = 20 (u + v) / (cos 6)2 1 (sin 6)2* 1 df.

0
6. For Re(z) > 2, show that
> d(n
1 (e = A
n=1 n
where d(n) is the number of divisors of n.
— o(n)
2 C(2)¢(z—1) :Z >
n=1

where o (n) is the sum of divisors of n.

Hints & solutions of today

1. This is homework 2.
2. Write the limit as

and so the terms in the series are of O(= ).
3.
e z
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nln“exp(z(—y+1+1/2+---+1/n —logn))
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4. Only need to show the case 0<x < Convexity implies that

log f(n) —log f(n —1) _ logf(z+n)—logf(n) _ logf(n+1)—logf(n)

n—(n—1) - (z+n)—n B (n+1)—n

which you simplify and obtain
(n—1)"n—-1)!< fl(x+n) <n’(n-1)!
Now you property 2 to obtain

(n—1)*(n—1)!

< <
rx+1)---(x+n—-1) T z(z+1)---(z+n-—1)

Finally, take n — oo and use question 3.
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Then just use the substitution z = 7 cos? 6,y = rsin? 6.
5. We use the infinite series definition of {(s).

1. Computations:

2. Computations:
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Convex functions

This is a supplement to question 4.

A function f : [a,b] — R is said to be convex if and only if for any z,y € [a,b] and ¢ € [0, 1]

fltz+ (1 —t)y) <tf(z)+ (1 —1¢)f(y)

A function f : (a, b) — R is convex if and only if any of the following equivalent conditions hold for for

a<lzr<u<y<hb:

flu) uw 1
fly) v 1
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One just need to put u = tx + (1 — )y and simplify, for example,

fw) — f(z) _ ) - f()

u—x B Yy—x
flz+ (1 -ty — flz) _ f(y) - f(=)
DR ) 7 R .
= fltz+ (1 -t)y) - flz) < (1 - )(f(y) - f(2))
= fltz+(1-t)<tf(z)+ (1 -1)f(y)

For the first one,

f(u) v 1

det| f(z) =z 1| >
fly) y 1
flz+(1—-t)y) tz+(1—-2t)y 1

< det f(x) T 1] >0

f(v) y 1
fltz+(1=t)y) —tf(z) - (1 -1t)f(y) 0 0O

< det f(z) r 1| >
f(v) y 1

. The result follows from expanding the determinant along the first row, and noticing that x —y < 0
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